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Abstract. Kornel Szlachanyi [28] recently used the term skew-monoidal category for 
a particular laxified version of monoidal category. He showed that bialgebroids H with 
base ring R could be characterized in terms of skew-monoidal structures on the category 
of one-sided i?-modules for which the lax unit was R itself. We define skew monoidales 
(or skew pseudo-monoids) in any monoidal bicategory These are skew-monoidal 
categories when ^# is Cat. Our main results are presented at the level of monoidal 
bicategories. However, a consequence is that quantum categories [10] with base comonoid 
C in a suitably complete braided monoidal category Y are precisely skew monoidales in 
Comod(^) with unit coming from the counit of C. Quantum groupoids (in the sense of 
[6] rather than [10]) are those skew monoidales with invertible associativity constraint. 
In fact, we provide some very general results connecting opmonoidal monads and skew 
monoidales. We use a lax version of the concept of warping defined in [3] to modify 
monoidal structures. 
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1. Introduction 

To prove coherence for monoidal categories, Mac Lane [21] found that five axioms sufficed. 
Kelly [16] reduced these to two axioms. However, the reduction depends critically on 
invertibility of the associativity and unit constraints. 

A skew-monoidal category in the sense of Szlachanyi [28] is defined in the same way 
as a monoidal category (see [11] or [22]) except that the associativity and unit constraints 
need not be invertible. Therefore, the directions of these constraints must be specified. 
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For a left skew-monoidal category c <o with tensor product functor * : ^ x ^ — > ^ and 
unit object J, the natural families of lax constraints have the directions 

a X YZ-{X*Y)*Z — >X*(Y*Z) (1.1) 

X X :J*X — >X (1.2) 

p x :X — >X*J (1.3) 

subject to five conditions: the pentagon for a, a condition relating otxjY-, Ay and px, 
one relating ajxY and A, one relating c*xyj and p, and one relating Aj and pj. For a 
n<?/i£ skew-monoidal category, the constraints have their directions reversed. A left skew- 
monoidal structure on ^ yields a right one both on ^ op (in which morphisms are reversed) 
and on ^ rev (in which the tensor is switched). 

A left skew monoidal category will be called Hopf when the associativity constraint is 
invertible. The reason for this term should become clear. It is called left [right] normal 
when the left [right] unit constraints are invertible. So a monoidal category is precisely a 
left and right normal Hopf left skew monoidal category. 

It was shown in [27] that the bialgebroids (as considered by [29, 20, 30, 15]) with 
base ring R amount to cocontinuous opmonoidal monads on the category of two-sided 
.R-modules. This was one motivation for [10] in defining quantum categories in a braided 
monoidal category "f as monoidal comonads in an appropriate place. When "V is the dual 
of the category of abelian groups, quantum categories are bialgebroids. 

What is shown in [28] is that such bialgebroids are closed left skew-monoidal struc- 
tures on the category of left i?-modules. This is the motivation for the present paper 
where we show that quantum categories are skew-monoidal objects, with a certain unit, 
in an appropriate monoidal bicategory. The Hopf skew-monoidal objects are quantum 
groupoids. 

We present our main theorems in Section 5 at the level of monoidal bicategories. We 
also relate the work to the fusion operators of [24] and the warpings of monoidal structures 
of [3]. 

2. Fusion operators, tricocycloids and bimonoids 

Let be a braided monoidal category [14]. We write as if it were strict monoidal. 
A lax fusion operator on an object A in 'f is a morphism 

V : A tg> A — > A<g)A 

satisfying the fusion equation 

V 23 V 12 = V 12 V 13 V 23 (2.4) 

where V\ 2 — V <g> 1a, V 23 = 1 A <E> V and Vi 3 = (c a ,a ® 1a)(1a <8> V)(c a ,a ® 1a)" 1 - It is a 
fusion operator (as defined in [24]) when V is invertible. 



3 

If we put v = Ca,aV , the proof of Proposition 1.1 of [24] shows that V satisfies (2.4) 
if and only if v satisfies the 3-cocycle condition 

(v ® U) (1a ® c a ,a)(v ® 1a) = (U ® u)(v ® U)(1a ® u) • (2.5) 

A /ax tricocycloid in ^ is defined to be an object A equipped with a morphism v : 
A ® A — > A <S> A satisfying (2.5). The lax tricocycloid (A,v) is augmented when it is 
equipped with a unit rj : I — > A and a counit e : A — ?■ I satisfying the following four 
conditions: 

(A ^ A ® A A ® A ^ £ A) = (A ^> A) (2.6) 
(A ® A A ® A £ -^# A) = (A ® A ^ A) (2.7) 
(A^^A-^^A) = (A^A) (2.8) 
(/ A /) = (/ ^> /) . (2.9) 

2.1. PROPOSITION. Lei Y be a braided monoidal category and let A be an augmented lax 
tricocycloid. A left skew monoidal structure on "V with the same unit object I is defined 
as follows. The new tensor product is 

X *Y = A®X ®Y , 
the associativity constraint axYZ '■ {X *Y) * Z — > X * (Y * Z) is 

otxYZ = (1a <8> c A ,x <%> ly <8> lz){v <8> lx <8> ly ® lz) , 
i/ie /e/t tim£ constraint Xx '■ I * X — )► X is 

e®l x : A®X — > X , 
and the right unit constraint px '■ X — > X * I is 

r]®l x : X — > A ® X . 

PROOF. The proof of Proposition 2.1 of [24] shows that a satisfies the pentagon. The 
other axioms follow, one by one, from the four axioms on an augmentation. ■ 

2.2. Remark. In the terminology to be introduced in Section 4, an augmented lax trico- 
cycloid is precisely a left skew monoidal structure on the unit monoid J, in the monoidal 
bicategory Mod(^) of monoids in "V and two-sided modules between them, where the 
unit is / acting on itself on both sides. However, we will now see that it is also something 
perhaps more familiar. 
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2.3. PROPOSITION. Let Y be a braided monoidal category. There is a bijection between 
bimonoid structures on an object A, with respect to the inverse braiding, and augmented 
lax tricocycloid structures on A. The bijection is defined by 

v = (A® A A® A® A A® A —4 A® A) 



and the inverse is defined by 



H = (A® A A® A 1 ^ A) 



5= ( A ^ A ® A ^ A ® A C J^4 A ® A ) : 

where, of course, the unit and counit of the bimonoid give the augmentation of the lax 
tricocycloid. The bimonoid is Hopf if and only if the operator v of the corresponding lax 
tricocycloid is invertible. 

PROOF. This is quite an enjoyable exercise with the string diagrams of [13]. Part of it is 
done in the proof of Proposition 1.2 of [24]. The last sentence of the Proposition, with 
string diagrammatic proof, can be found as Proposition 10 of [2]. ■ 



3. Skew warpings 

The concept of warping for a monoidal category was introduced at the end of [3] as a 
way of modifying the monoidal structure. We now adapt that idea to skew monoidal 
categories. A possible connection between warpings and skew monoidal categories was 
mentioned already by Szlachanyi [28]. 

Let srf denote a left skew monoidal category. A skew left warping of consists of the 
following data: 

(a) a functor T : stf — > stf ; 

(b) an object K of srf\ 

(c) a natural family of morphisms va,b '■ T(TA ® B) — > TA ® TB in stf ; 

(d) a morphism : TK — > I; and, 

(e) a natural family of morphisms k^, : A — > TA ® K; 



such that the following five diagrams commute. 
T(TA ®B)®TC 



VA,Bt 



(TA ® TB) ® TC 



VTA®B,C 

T(T(TA® B)®C) 

T(V A ,B®1) 

T((TA®TB)®C) 

T(XTA,TB,C 



OLTA,TB,TC 



TA ® (TB ® TC) 

1®VB,C 

TA ® T(TB ® C) 



VA,TB®C 



T(TA®(TB®C)) 



TK®TB 



vk,b 



T(TK ® B) 

T(v ®l B ) 

T(I®B)- 




T(TA ® K) 

TkA 

TA 



TX B 

VA,K 



TB 



PTA 



TA ® TK 
■TA®I 



T(TA ®B)®K VA ' B ® K * (TA ® TB) ® K 



k-TA®B 

TA®B 



OLTA,TB.K 



TK®K 

k K 

K 



■ TA ® (TB ® K) 



I®K 
K 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



A skew left warping is called Hopf when each va,b is invertible. 

3.1. Example. An augmented lax tricocycloid (A, v, r], e) in a braided monoidal category 
y determines a skew left warping on V with TX = A® X, K = I, 



v XY = (A® A® X ®Y A® A® X ®Y — > 

v = £ : A — >■ /, and fcx = ?7 <8> lx : A" — > 



A ® X ® A ® Y) , 
A® X. 
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3.2. Example. Suppose is a monoidal category and K is an object in it which has 
a right dual R with unit 77 : I — y R <g> K and counit e : K £g) R — > I. A Hopf skew 
left warping on srf is defined by TA = A ® R, K = K, va,b = 1a®r®b®r, vq = e and 
k A = 1a ® 77. 

The definitions of monoidal functor, opmonoidal functor, monoidal natural trans- 
formation and opmonoidal natural transformation can be made verbatim for left skew 
monoidal categories. For example, if srf and <5T are left skew monoidal categories, an 
opmonoidal junctor T : stf — y 3£ is equipped with a natural family of morphisms 
i>A,B '■ T(A g) B) — > TA g) TB and a morphism : TI — > I satisfying the usual three 
axioms but keeping in mind that the constraints in srf and 3C are not necessarily invert- 
ible. The concept of opmonoidal monad on a left skew-monoidal category is therefore 
clear. 

3.3. REMARK. A monoidal category srf is both left and right skew-monoidal by taking 
the inverse constraints. An opmonoidal monad T on stf is the same as an opmonoidal 
monad on the monoidal category «e/ rcv (which is srf with reversed tensor product). 

3.4. EXAMPLE. Suppose T is an opmonoidal monad on a left skew monoidal category srf . 
A skew left warping on s$ is defined by T = T, K — I, 

v a ,b = (T(TA ® B) ^ TTA ® TB MA -^F TA ® TB) , 
v = ip :TI — y I 

and 

k A = (A^TA^ATA®I) . 

This example has a converse as expressed by Proposition 3.5 below. 

The next Proposition contains Remark 2.7 of [4] concerning the special case where 
is monoidal; also see [25]. 

3.5. PROPOSITION. Suppose the left skew monoidal category stf is right normal. Then 
the construction of Example 3.4 determines a bisection between opmonoidal monads on 
srf and skew left warpings on srf for which K = I. 

PROOF. Given a skew left warping with K = I, we obtain a monad structure on T by 
taking the multiplication fj, to be the composite 

TTA T -^4 T(TA ®I) V -^TA®TI 1t -^° TA®I^ATA 
and the unit t\a to be 

A ^TA®I ^ATA . 
For the opmonoidal structure, we take x/ja,b to be 

T (A ® B) T( ^ ls) T(TA ® B) ^4 TA ® TB 



and -00 to be vq ■ TI — y I. 
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The next result is easily proved. 

3.6. PROPOSITION. A skew left warping of a left skew monoidal category srf determines 
another left skew monoidal structure on srf as follows: 

(a) tensor product functor A* B = TA ® B; 

(b) unit K; 

(c) associativity constraint 

T(TA ®B)®C VA ^° {TA ®TB)®C aT ^ c TA ® (TB ® C) ; 

(d) left unit constraint 

TK®B v °-^f I®B^>B; 

(e) right unit constraint 

A TA ® K . 

There is an opmonoidal functor (T,vq,va,b) '■ — > ®, -0 ■ 

3.7. EXAMPLE. Applying Proposition 3.6 to Example 3.2, we obtain a Hopf left skew- 
monoidal structure on any monoidal category s$ from a duality K H R. The new tensor 
product is defined by A*B = A®R®B. We denote srf equipped with this left skew- 
monoidal structure by s$k- A bicategorical version of this simple idea will be of some 
interest below. 

3.8. EXAMPLE. By Remark 3.3, we see that an opmonoidal monad on a monoidal category 
srf gives rise to both a left and right skew-monoidal structure on srf ; the left tensor product 
of A and B is TA <g> B while the right is A g) TB; the unit is / as in srf in both cases. 



4. Skew monoidales 

Let ^ be a monoidal bicategory [9] , which is the natural context in which monoidales (or 
pseudomonoids) can be studied [12, 9, 19]. Mostly, we write as if it were a Gray monoid 
[12, 9]. 

A left skew-monoidal structure on an object C in ^ consists of morphisms p : C ®C — 
j : / — y C, respectively called the tensor product and unit, and 2-cells 



C ® (C g> C) 



c®c 



a C,C,C, 



(4.15) 



{C®C)®C- 



P®1 



c®c- 



c 



c 



I®C 



(4.16) 



C 



c 

p . 



c 



c®c 



(4.17) 



respectively called the associativity, left unit and right unit constraints, satisfying the 
following five conditions. 

p(p® 1)(1 <8>p<8> 1) 



(4.18) 





p(p8> l)(p<g> 1 (8 1) 

a(p®l<g>l) 

p(l (8) p)(p (8) 1 




p(l ®p)(l <8>p<8> 1) 



p(l<g>a) 



p(l <8p)(l ® 1 




p(p<g> 1)(1 <8) 1 8>p) 



p(p <8> 1)(1 (8> J (8 1) — L »-p(l ® ® j ® 1) 



p(p®i) 



p(l®A) 



P 

p(p <8 1)0 <8 1 <8 1) 

q(j'®1®1) 

p(l <8>p)(j ® 1 ® 1) 
p(i®p) 



p(A<g>l) 



~P 

~P 

Ap 

■p0 ® i)p 



p- 

pp 

p(i ® j>- 



p(i ® j')j 



a? 



■p{\ (8>p)(l 8> 1 (8 j) 

a(l(g>l<g>j) 

-p(p<g> 1)(1 8) 1 

! — ^p0 ® i)j 

A? 



(4.19) 



(4.20) 



(4.21) 



(4.22) 
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An object C of ^ equipped with a left skew-monoidal structure is called a left skew 
monoidale in ^ . 

4.1. REMARK. The microcosm principle applies here. There is a concept of left skew- 
monoidal bicategory. Indeed, the definition of tricategory in [12] has the constraints 
precisely in the required directions. What we want here is the one object case. So a left 
skew-monoidal structure on a bicategory ^ has a pseudofunctor ® : ^ x ^# — > j$ 
and unit object / with pseudonatural constraints 

a XYZ : (X (8) Y) ® Z — )• X <g) (Y ® Z) 

£ x : / ® X — > X 
r x : X — ► X <8) / . 

Where there were five axioms for a left skew-monoidal category, there are now higher- 
order constraints which we take to be invertible modifications in the diagrams for those 
axioms. There are axioms on these modifications essentially as set out in [12]. (There is 
presumably an even more skew version of monoidal bicategory where these modifications 
are not required to be invertible but as yet we have no need for that generality.) 

The point we wish to make is that left skew monoidale makes sense in any left skew- 
monoidal bicategory. Indeed, the reason for writing the structures (4.15), (4.16) and (4.17) 
the way we have is to show this level of generality. However, the axioms (4.18) to (4.22) 
must be redrawn more fully using pasting diagrams since they currently are appropriate 
only for a Gray monoid. 

To complete this remark, notice that right skew monoidale also makes sense in any 
left skew-monoidal bicategory. This is because reversing 2-cells in ^# yields a left skew- 
monoidal structure on ^ co ; then a right skew monoidale in ^ can be defined to be a 
left skew monoidale in ^ co . 

4.2. EXAMPLE. A left skew monoidale in the cartesian monoidal 2-category Cat of cat- 
egories, functors and natural transformations is a left skew-monoidal category as in Sec- 
tion 1. 

4.3. EXAMPLE. More generally, for braided monoidal category "V , a left skew monoidale 
in the monoidal 2-category T^-Cat of ^-categories, "^-functors and ^-natural trans- 
formations is defined to be a left skew-monoidal ^-category. 

4.4. EXAMPLE. For a symmetric closed monoidal category V which is complete and 
cocomplete, a left skew monoidale ^ in the monoidal bicategory 1^-Mod of ^-categories, 
two-sided "^-modules and "^-module morphisms is defined to be a left skew-promonoidal 
"V- category. As for the case of a promonoidal ^-category in Brian Day's doctoral thesis 
(see [7]), the same convolution formulas give a closed left skew-monoidal ^-category 

[^ op ,r]. 
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4.5. EXAMPLE. As a particular case of Example 4.4 (actually, with far fewer conditions 
on y and care with the braiding), we see from Section 2 that each bimonoid in "f yields 
a left skew-promonoidal structure on the unit ^-category J? . 

It is possible to lift most of what we have said about skew-monoidal categories to skew 
monoidales. In particular, the notion of skew left warping on a monoidale A makes sense: 
just adapt in the obvious way the definition of warping on A as given in Section 8 of [3]; 
the data are: 

(a) a morphism t : A — > A; 

(b) a morphism k : / — > A; 

(c) a 2-cell 



A® A- 



A® A- 




A® A 



A 




A 



(d) a 2-cell 




(e) a 2-cell 



A® A 




subject to five axioms. We have more general forms of Propositions 3.5 and 3.6. 

4.6. Proposition. Suppose the left skew monoidale A is right normal. Then there is a 
bijection between opmonoidal monads on A and skew left warpings on A for which k = j. 

4.7. PROPOSITION. A skew left warping of a left skew monoidale A determines another 
left skew monoidal structure on A as follows: 



(a) tensor product functor p t = p(t (g) 1^) : A ® A 

(b ) unit k : / — > A; 

(c) associativity constraint 



A: 



p(t ® l)(p <g> ® 1 ® 1) P( => } p(p g> l)(t ® t ® 1) a(t J^$ 1] p (i ® p )(t ® t <8> 1) 
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(d) left unit constraint 

(e) right unit constraint 



p(tk ® 1) ^ p(j <g> 1) 1 A 



Ia ==> p(t ® fc) . 

There is an opmonoidal morphism (t,Vo,v) : (A, A;,Pt) — >■ (A,p,j). 

4.8. EXAMPLE. Suppose X is an object with a right bidual R in the monoidal bicategory 
so that we have a unit n : I — > R ® K and counit e : K ® R — > I. We can 
generate the monoidale K e = R® K with tensor product p = 1 ® e (g) 1 and unit j = n. 
Consideration of bialgebroids motivates us to consider opmonoidal monads t on K c . By 
Proposition 4.6, these are in bijection with skew left warpings t on K c with k = n. Now 
by Proposition 4.7, any such determines a new left skew monoidal structure pt on K e . 



5. Two bicategorical theorems 

Let be a monoidal bicategory containing an object K with a right bidual R. A Hopf 
left skew-monoidal bicategory is defined by bumping Example 3.7 up a dimension. 
The tensor product is A*B = A®R®B with unit K. Let K e denote the monoidale 
R® K with tensor product 

p = 1 ® e<8> 1 : R®K®R®K — > R®K 

and unit 

j = n : I — > R® K . 

Our purpose in this section is to give two reinterpretations of opmonoidal monads 
on K e as right skew monoidales. The first is quite general while the second requires a 
monadicity condition satisfied in examples of interest. 

The biduality K \ R gives an equivalence of categories 

JZ(K C ,K C )~JZ(K*K,K) (5.23) 

taking t : R®K — y R® K to i : K ® R® K K ® R® K ^4 K. Similarly, we have 
equivalences of categories 

Jt{K c ® K\K C ) ~ J£{K * K * K,K) (5.24) 

and 

J((I, K c ) ~ J({K, K) . (5.25) 

5.1. THEOREM. The equivalence (5.23) induces an equivalence of categories between op- 
monoidal monads t on K e in the monoidal bicategory and right skew-monoidal struc- 
tures on K with unit Ik in the Hopf left skew-monoidal bicategory 
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PROOF. By Proposition 4.6, an opmonoidal monad t on K e can equally be thought of as 
a skew right warping of K e with unit k = n. So we have a right fusion 2-cell 

v : t(l ® e g> l)(lice ® t) (1 ® e <8> l)(i ® t) : iT <g> K c — > K e , 

and 2-cells 

w o — V'o : t n =^ n '■ I — 

and 

K = v : l K e => (1 ® e (8) l)(n ® t) = t : ZT 5 — ► IT , 

satisfying five axioms. Now look at the definition of right skew-monoidale 
(4.16) and (4.17) with a, A and p reversed. In our case, with p = t and j = 
that we require 

a K : i(l K ® l fl ® i) t(t (8 l fl ® l x ) : K * K * K — > K , 

: t(l x <8> n) => 1 K ■ K — > K 

and 

X K ■ e ® l K => i : K * K — > K 

satisfying the five axioms. We obtain the equivalence of the Theorem by choosing v, Vq 
and K to correspond respectively to aK, Pk and \ K under the equivalences (5.24), (5.25) 
and (5.23). ■ 

Now we present what seems to us to be the deepest result of the paper. 

5.2. THEOREM. Suppose ^ is a monoidal bicategory in which composition on both sides 
with a morphism preserves any reflexive coequalizers that exist in the horn categories. 
Suppose K Hb R is a biduality in Suppose also that j : I — > R is an opmonadic 
(= Kleisli-type) morphism in ^ and that the opmonadicity is preserved by tensoring 
with objects on both sides. Let j* : R — > I be a right adjoint for j and put j Q equal to 

(I — >• R®K — > K) . Th ere is an equivalence of categories between opmonoidal monads 
t on K e in the monoidal bicategory ^ and right skew-monoidal structures on K with unit 
j in the monoidal bicategory '. The skew tensor product q t for K corresponding to t is 
the composite 

K®K^ K®R®K^K®R®K^K . 

PROOF. Let s = j*j be the monad generated by the adjunction j H j*. We shall use 
Theorem 5.1 to avoid the opmonoidal monad t by dealing with the data t, Ik, oik, Pk 
and Xk which already form a right skew-monoidal structure on K somewhere, namely, in 

a 1 ® j ® 1 i 

j$k- While q t is obtained from t simply as the composite K®K — > K ®R®K — > K, 
in order to use the opmonadic property of 1 ® j 1 <8> 1 : K ®K — > K ® R ® K to reproduce 
a t from a right skew tensor morphism q : K ® K — > K, we require an opaction 

C : q{l® s ® 1) => q : K ® K — > K . 



see (4.15), 
Ik, we see 
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This 2-cell is obtained as follows. Using the adjunction j <g) 1 H j* (g 1, we obtain a mate 
v : j (g) 1 (1 (g> g)( n (gi 1) for A : 1 => g(j ® 1) : # — )> K. We define C to be the 
composite 

q{l®f ® 1)(1 <8>j ® 1) g(l igj* ® 1)(1 (g 1 g) g)(l <8)7l<8> 1) 

= g(l®g)(l®/®l®l)(l®n®l) 

g(g <g 1)(1 (gj* <g 1 (g 1)(1 <g n <g 1) q{ ^=> } q . 

The opaction axioms and the necessity for ( to be defined this way can be verified. 

Similarly, the constraint a : q(l (g q) ==>■ q(q (g 1) is obtained simply from ctjc by 
precomposing with l(gj<gl(gj(gl : K ® K K — > K®R(&K®R®K. However, to 
reproduce ax from a, we use the opmonadicity of 1 <g j (gl(glg)l and l(gl(gl(gj(gl; 
it requires verifying that a is compatible with the coactions coming from £. 

A right adjoint j° for j is defined by the composite 



So A : 1 ==>- qt{j <8> 1) and A^(l ig j (g 1) : j° <g 1 ==^ qt are mates. Again, to retrieve Xk 
from A, the opmonadicity of 1 (g j (g 1 is used. 

Since j (g 1^ = nj° : K — >• R ® K, we see that /0jf(l <8) J°) : g =>- 1 <8> J° and 
p : g(l (g j ) ==^ 1 are mates. To retrieve p^ from p we need to use the fact that the 
counit e : jj* ==>- 1r is the coequalizer of the two 2-cells {sjj*), (jj*s) : jj*jj* =>- jj*. ■ 



6. Quantum categories 

Let f be a braided monoidal category which has equalizers of coreflexive pairs such 
that tensoring V (g — with a fixed object V preserves those equalizers. This allows the 
construction (see [8], [10] or [5]) of the autonomous monoidal bicategory Comod^) whose 
objects are comonoids C in "V and whose morphisms M : C — > D are left C-, right D- 
comodules. Recall that the composite NM = M <S>d N of comodules M : C — > D 
and N : D — > E is given by the usual coreflexive equalizer. The right bidual of C 
is written C° with counit e : C <g C° — > I and unit n : / — > C° (g C. There is a 
canonical monoidale (= pseudomonoid) structure on C e = C° <g C with multiplication 
p = 1 <g e (g 1 : C c ® C c — > C c and unit j = n : I — ► C e . 

A quantum category (C, ^4) m ^ is a monoidal co monad A on the canonical monoidale 
C e = C° (g C. This means that, in Comod('^ / ), we have a morphism A : C c — > C° 
equipped with 2-cells 

e : A =^> lc<= (6.26) 



and 



(6.27) 
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satisfying the three comonad axioms, plus two more 2-cells 



C c ® C c — - G 

c c ® c c — - — - c 



a (6.28) 



and 





C e 

<Po /. (6-29) 
C e 

satisfying the three axioms making A a monoidal morphism and the four axioms making 
e and 5 monoidal 2-cells; this makes ten axioms in all. 

6.1. EXAMPLE. A quantum category (C, A) with C = I is precisely a bimonoid A in Y: 
the comultiplication is 5, the counit is e, the multiplication is <p 2 , and the unit is (j) , while 
the ten axioms are exactly those for a bimonoid A. 

6.2. EXAMPLE. The quantum category {C,A) with A the identity two-sided comodule 
C e is called the chaotic quantum category on the comonoid C. 

6.3. EXAMPLE. Recall from [10] that, when "V is the cartesian monoidal category Set, 
the bicategory Comod('^ / ) is Benabou's bicategory Span of spans [1] made monoidal using 
the cartesian product of sets. It was pointed out in [10] that a quantum category (C, A) 
here is an ordinary (small) category: C is the set of objects and A is the span 

C xC A^>C xC 

where s and t are the source and target functions. Of course, as pointed out in [1], a 
category is more simply a monad A on C in the mere bicategory Span: for this C and A 
are as before as sets but A is the span 

C <A- A^r C . 

However, important for us here is the point of view that categories are also left skew 
monoidales (C, A) in the monoidal bicategory Span: this time C and A are as before as 
sets but the tensor product A on C is the span 

Given a morphism A : C° — > C° in Comod(^ / ), we write A' for the composite 

A' = (C £ -^C°®CAC°® C) (6.30) 

(where e is the counit of the comonoid C and e* is the right adjoint comodule it determines) 
and then A for the composite 

A=(C®C 1 ^C®C°®C ^\C) . (6.31) 
Notice that, as objects of Y , the comodules A, A 1 and A are equal. 
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6.4. THEOREM. There is a bijection between quantum category structures in "V on [C. A) 
and left skew-monoidal structures on C, with tensor product morphism A and unit mor- 
phism e* , in Comod('^ / ) using the inverse braiding. 

PROOF. This is an application of Theorem 5.2 with 

J£ = Comod(r) co . 

The biduality C \ C° in Comod('^ / ) remains as such in ^ and the monoidal comonad 
A on the monoidale C e in Comod('^ / ) becomes an opmonoidal monad on C e in j& . The 
counit e of the comonoid C° yields a coopmonadic morphism e* Q : / — > C° in Comod(^ / ). 
This gives our monadic j = e* Q : I — > C° in ^# to which we can apply Theorem 5.2. 
The result follows on noting that right skew monoidales in <M are left skew monoidales 
in Comod(^ / ). 

An outline of the two constructions is as follows. Start with a quantum category (C, A) 
in "V . Then we have a monoidal comonad A : C Q — > C e . The left fusion map [4, 6, 26] 
for A is 

v e = (p ■ (A ® A) H ^$ S) p ■ (A ® A) ■ (1 ® A) 02 ^t A) A ■ p ■ (1 (g) A)) . (6.32) 
From the calculations: 
A -{A® l c ) 

= (e ® 1)(1 ® A)(l ® e* ® l)(e ® 1)(1 ® A ® 1)(1 ® e* ® 1 ® 1) 
= (e ® 1)(1 ® 1 ® e ® 1)(1 ® 1 ® 1 (8) i4)(l ® 1 ® 1 ® e* <g> 1) 

(1® A® 1)(1® e* ® 1 ® 1) 
= (e ® 1)(1 ® 1 ® e ® 1)(1 ® A ® A)(l ® 1 ® 1 ® e* ® 1) 

(1 ® e* ® 1 ® 1) 

^ (e ® 1)(1 ®p)(l ® A® A)(l ® e* ® 1 ® 1 ® 1)(1 ® 1 ® s* ® 1) 

and 

A • (l c ® A) 

= (e ® 1)(1 ® A)(l ® e* ® 1)(1 ® e ® 1)(1 ® 1 ® ® 1 ® e* ® 1) 
^ (e ® 1)(1 ® A)(l ® 1 ® e ® 1)(1 ® 1 ® 1 ® A)(l ® e* ® 1 ® 1 ® 1) 

(1®1®£*®1) 

= (e ® 1)(1 ® A)(l ®p)(l ® 1 ® 1 ® A)(l ® £* ® 1 ® 1 ® 1) 
(l®l®e*®l) 

we see that we can whisker the left fusion 2-cell v l to define a 2-cell 



a : A ■ (A ® l c ) =$> A ■ (l c ® A) 



(6.33) 
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which is our associativity constraint. The right unit constraint 

p:l c =>A-(l c ®e*) (6.34) 

is taken to be 77 : C — > A as a morphism of comodules from C to C. The left unit 
constraint 

A : A ■ (e* <g> l c ) ==> lc (6.35) 

is taken to be £ : ^4 — ^ C using the notation of [10, 5]. 

Now assume (C, M, e* ,a, X, p) is a left skew monoidale in Comod(7 / ). So we have 
M : C ® C — ► C, a : M • (M ® l c ) => M ■ (l c <g> M), A : Mi => l c , P : lc =>- M 2 
where 

Mi = (C A C ® C A C) 

and 

M 2 = (C "Ac^c Ac) . 

As objects of we have Mi = M2 = M. As objects of 7^, we also have the composable 
pair object 

M ■ (M (g> 1) = M 2 <S>c M 2 =: P 

and the cospan object 

M ■ (1 g> M) ^ M 2 ® c Mi =: P . 

We define 

(where equ is the defining equalizer for composition in Comod(^)) which makes M a 
comonoid with counit 

e := (M A C /) . 

The coaction of Mi gives 

r := (M A M ® C° (g> C A 1 C° ® C) 

which turns out to be a comonoid morphism. The adjunction r* H r* then generates our 
comonad 

A: C° ®C — > C° (g) C 

on C e in Comod('^ / ). Notice that A = M as objects of The monoidal structure on A 
is defined by 

(p ^ p ^ m <b>m ^ m) 

and 

77 := (C A M) . 
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